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Abstract: In order to investigate the general reliability assessment methods based on performance degrada-

tion data, two commonly used stochastic process approaches, bilinear process method and random-effect model

were studied. Analyzing procedure and effectiveness of these two methodologies were studied and compared.

Meanwhile, the two approaches were illustrated through practical applications. The residual plots and the 10th

percentile curves of the two methods were presented to demonstrate the comparative results. The random-

effect model yielded more volatile residuals and a lower and unsafe 10th percentile curve. Consequently the bi-

linear process model can be concluded to derive more reasonable results due to its one-stage estimation property.
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Products and devices with high reliability
are designed to function with a good performance
for a long time before they fail. Traditional
methods, based on lifetime data, usually face
numerous challenges when they are used to as-
sess the reliability status for these high reliable
products. The reason is that few or even no fail-
ure data can be obtained through general life
tests. Even accelerated life tests (ALT) can not
relieve this circumstance in a short period, part-
ly because ALT cannot provide enough failures
yet and it may cause more errors with the use of
extrapolation.

By analyzing the causes of the failure, re-
searchers find that a product’s performance gen-
erally changes as a degradation process. Nair
pointed that the performance degradation data
contains abundant reliability information". And
the degradation process provides more informa-

tion than lifetime data, and this information can
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be used to assess product reliability. The rela-
tionship between performance degradation and
reliability index can be established by the distri-
bution function of degradation performance.

Much attention and many degradation anal-
ysis approaches have been established in the past
few decades. Chao reviewed some scattered
works relating to this field”’. The degradation
path method illustrated a simple and convenient
model for degradation analysis, and this kind of
method had been widely used in early time"*",
However, this model has obvious shortcomings
because it ignores product’s degradation mecha-
nism and the extrapolation of degradation path
will strongly affect the accuracy of analysis.

In recently years, methods based on sto-

chastic process have been more and more popu-

lar. A typical model of this category is based on

[8-10] [11]

the theory of Wiener process Wang

established a model based on Wiener process
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with random drift. Another commonly used

model of this kind is called Gamma process mod-
el The two models studied in the current
paper also fall in the scope of stochastic process
approach.

According to the studies in Ref, [ 14 ] and
Ref. [15], estimators p(t) and o(t) were ob-
tained to describe the distribution properties of
performance measurements at each test time,
where pu(0) is the mean function of the degrada-
tion process and (1) is the standard deviation
function. Both p(1) and ¢(t) have linear rela-
tionships with degradation time. It is very com-
mon in practical degradation test that the degra-
dation process have a linear mean function and a
quadratic variance function of transformed time,
and the standard deviation function can be fur-
ther represented by a linear form. Bilinear
process method and random-effect model are
commonly used to process degradation data ex-
hibiting these statistical characteristics. Becasue
of material property change, manufacturing
process variation, stress variation, and many
other uncontrollable factors, the random-effect
model considers that the values of some or all of
the model parameters vary from unit to unit,
and they can be drawn randomly from the re-
spective populations''®,  The bilinear process
method is a degradation analysis approach of in-
dependent increment process with linear mean
function and linear standard deviation function of
transformed time"'™, In Ref. [18], the circum-
stance in which performance degradation test be-
gins at the initial time t, =0 was discussed, and
the standard deviation function is linear with ze-
ro intercept, i.e., o(t) =dt.

In this paper, analyzing procedure and ef-
fectiveness of the two general stochastic process
methods, random-effect model and bilinear
process model were studied. The rest of this pa-
per is organized as follows. Section 1 introduces
the main procedure of bilinear independent incre-
ment process model and the random-effect mod-

el. An approximately accurate multivariate ap-

proach for random-effect model is also discussed

in Section 1. Section 2 illustrates the empirical
study and comparative results. Finally, some

concluding remarks are given in Section 3.
1 The two approaches

1.1 Bilinear process model

Bilinear process is aspecial circumstance of
general linear independent increment process. It
is commonly seen in practical engineering, and
also illustrates the property of simplicity. Its
mean and standard deviation is taken as linear
functions of test time or transformed test time if
a transformation is needed before model estab-
lishment. In the following descriptions, the test
time and degradation measurements are the criti-
cal values or transformed ones.

Suppose that a degradation test uses a sam-
ple of m units. During testing, each unit is in-
spected periodically to measure the critical per-
formance characteristic y. Let y; denote the
measurement of y on unit i at time x;, where
i=1,2,+,m, j=1,2,+-,n;, and n; is the num-
ber of measurements on unit i. It is assumed
that the performance increments yp — vyi» yi —
Y2+ ***s Yu — Yiu-» are independent of each
other for all items i=1,2,+, m. Increment of
time interval x; — xi;—1) for item i further follow
a normal distribution

Vi T YiG—1» T N[b( Xij — Ti(j—D» )

2didy (g — xi—1) + di (2 — .rﬂjfl) Y] (D
where b is the constant mean degradation rate;
d; and d, are constants depicting the increasing
rate of standard deviation.

Based on the properties of independent in-
crement process and the assumption mentioned
above, wy; also follows a normal distribution.

The statistical model for the ith unit can be ex-

pressed by
v = a+ bxy +e(xy) 2)
eCxy) ~ N[0,(d) + do )7 ] (3)
Covl e(a;) elay)] = (dy + dy x)°
T < T 4
where a is unknown model parameters.
For the convenience of estimate and
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inference, define Ay; = y; — yi;-1»» Axy; = a3 —

Zij—1 » and xy;=1[ x; + x«;—1, ]/2 relating to the
increment of transformed degradation measure-
1929"'9 ms j:2939"'9

n;. Further define & =d, +2d,x, and I1(x) =

/n is the

m

overall mean of all transformed times, n= Z n;
i=1

ment and test time, =

1+0Cx— x), where x = ‘2 23&;

i=1 j=1

is the total number of measurements for all i-

tems, and 0=2d,/(d, +2d, x) is a converted pa-
rameter that relates to the changes of variance.

With these definitions, the statistical degra-

dation model for the ith unit can be rewritten as

vi ~ NCa+ bx;.db) &)

Ay, ~ N(bA.rl-j,o%AIijI(}ij)) (6)

where O%Afijl(.;{j) is the variance increment for

increment

transformed degradation inspection

Av;. Then the likelihood function is

L ﬁ{ 1 exp[_(yilfajbxl)?]
p V) 2ol
1 Ay — bAxy)
U mexp[ 26 Ay ICxy) }}

7
The log likelihood function can be written as

2 Z In[Ax; [Cx;)] —

i=1 j=2

InL =— gln@n)

m o 1w i (Ay; — bAx;)?
Mg — —— = _

2 207) i=1 j=2 AI;,‘I(I,‘]')
%ﬁnoﬁg— Ewﬂ—a—bxm )

lll

Model parameters can be determined by sol-

ving the following equations

Z(yd -

]11

—ln L=

da

a—bx;) =0 (9)

—lnL: L Z(y,l*a*bxl)xl +

b 1, 1
1y Z Ay” bRz _ (10)
0 =1 j—2 )
__n—m
a&lnL ErR +
1 (Ay; — bAx;)*
4 — =0 1D
UOEJZZ Axy I(Cxy)

n
a&lnL— 2cﬁ+

1 Z Cya —

lzl

(12)

a—bx)? =0

Setting 6 to be fixed, the conditional maxi-
mum likelihood estimates of parameters a, b, &
and & can be derived. Then, substituting these
estimates into the log likelihood function, Eq.
(8), and simplify. The profile log likelihood
function can be obtained

n—2 m
—Ilnol —

InL = 7 T

n— TI”L

‘0<9>—72 Zln[Axl,I(xl,)]
i=1 j=2

(13)

Therefore, the maximum likelihood estimate 0
can be obtained by maximizing the profile log
likelihood function in Eq. (12) through a binary
search. The parameter determination procedure
and expressions are given in Ref. [17]. Retur-
ning to the original statistical inferences in deg-
radation analysis, the performance at some fu-
ture time x can be predicted by

y=a+tbx a4
and the estimate of the corresponding variance

can be obtained by

é(x) =6+ (x— Tl)I[Qv

do + dyx+ do 2 (15)
Considering the statistical inference for the
performance depicted by Eq. (14), keeping 0

fixed, it can also be given by

(16)
Keeping 0 fixed, then it can be concluded that
- a ) Ar;
b a5 S Sn
y N[cmLJI m+ r— 1) 221(1,,)J
an

Consequently, its confidence interval can be de-

y= 3 +blx— )

rived.
1.2 Random-effect model
Also let y; denote the measurement for the

ith item at test time x;, then the degradation

path can be modeled by
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Vi — g(l'ij;ﬁliaﬁmv"
where gCx;; Biis Bois

tion of y for item i at time x; and e; is the error

.’Bpi)+eij (18)
+, B,) is the true degrada-

term.

It can be seen that the values of the degra-
dation model parameters B+, 3, vary {rom
unit to unit. They are not independent; they
usually form a joint distribution. A multivariate
normal distribution with mean vector pg and va-
riance-covariance matrix X is often used for sim-
plicity. By directly maximizing the likelihood
function, the model parameters can be derived.
However, the calculation procedure is an ex-
tremely difficult process unless the true degrada-
tion path takes a simple form™"™.

In this paper, the approximate but simple
multivariate approach for model parameter esti-
mation is adopted. (1) Fit the degradation mod-
el, depicted by Eq. (18), to each individual deg-

radation path, and obtain the parameter esti-

mates S1;5 2500+ B, by the least square method

for each unit i=1,2,++,m. (2) Consider the es-
timates of each parameter as a sample of m ob-
servations. Then the sample mean vector can be

expressed by

B: [él’,ézv'"vﬁpj (19

where

N 1 m N )
Bj:_ZBji ]:1329"'9P (20)
mi3
And the sample variance covariance matrix can
be calculated by
S11 S12 Sip
S21 S22 S2p
S= . . . @D
Spl Sp2 °cc Spp
where s, k7 j, is the covariance of §, and B;,
and sy is the sample variance of 3;. And it can be

determined by

sy = %21 (B — B (B — )
kyj=1,2,,p 22
In order to obtain the unbiased estimate,
the variance-covariance component is corrected

by replacing m with m—1 in Eq. (22), when the

sample size is considerably small, say m<C15. In
addition, the association between model parame-
ter B, and B; can be described by the correlation
coefficient p,» which is deflined as

Skj

Ory — — — — kajzleza"
' N Sk NS

Then, performance and its corresponding

P (23)

variance at some future test time can be ob-
tained. And the performance confidence interval

can accordingly be calculated.

2 Empirical comparative result

In this section, the practical performance of
bilinear process method and random-effect model
is focused on. A self-regulating heating cable was
produced in California with extensive application
in conditions that require high reliability. Exten-
sive degradation test was conducted, both to en-
sure the dependability of current products and to
support the development of new and improved
product designs.

Degradation of the cable is indicated by its
electrical resistance R increase with age. In the
degradation test conducted in Ref. [ 19 ], the
specimens were sample cable lengths cut from a
production lot. Accordingly, the natural log of
resistance are also considered as the degradation
measurement, Figure 1 shows the natural log of
resistance of 5 test items measured at 200°C.
Each unit is measured at the same 10 predefined
test times, which are not equally spaced in the
whole period of 5. 608X 10% h.

0.15 . r T :
* Cable degradation curve
0.10 - 8
g
0.05 A J
g e
= 0+ . J
~0.05 | /l ]
!
~010f g8t ]
o
—0.05 L L L I L
0 1 2 3 4 5 6

Time/10° h

Fig. 1 Natural log of resistance for heating cable
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A preliminary statistical analysis, similar
with the procedure adopted by Yang and Xue''"',
has been conducted on the cable degradation da-
ta, and the values of mean and standard devia-
tion at each observational time were derived.
Based on these results, it can be inferred that
the mean and the standard deviation of the deg-
radation process both vary linearly with test
time. Consequently, the bilinear process method
and random-effect model discussed in Section 1
can properly be utilized to process this data set.

According to the bilinear process method,
the following regression model can be derived to

depict the cable degradation process.

y(x) =—0.1453+4.5355 X 10 22 (24)
6(x) =7.099 X 10" +3.5634 X 10«

(25)

With the random-effect approach, there-

gression equation

—0.1396+4.3067 X 10 %z (26)

the estimate of the variance-covariance matrix
~ S11 S12
=10 7]
$21 S22
[1. 0191 X 10° 6.8244 X107

6.8244 X107 3.6634 X107

and the correlation coefficient

NED)

J 27)

N S12
O — =T — —
AoS1t VS22

can all be obtained. Accordingly, the variance

= 6.8245 X107 (28

estimation can be calculated as
6" (x) = 1.0191 X 10° +1.3649 X 10 *x+
3.6634 X 10 "2 (29
To demonstrate the rationality of the mod-
eling process for the two approaches, the residu-
al plots over time are shown in Fig. 2 and Fig. 3,
respectively. Accordingly, it can be concluded
that the bilinear process method is more appro-
priate to describe the heating cable degradation
data set.

Furthermore, comparative results of the

10th percentile curve yo.; (x) for the heating ca-
ble degradation are illustrated in Fig. 4. Accord-
ing to the concept, it can be concluded that 90 %

of the population of the heating cable perform-

Jo iR %30 %

— 3 T T T T T
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52 2 s ot
s = 1 Foa uats 4 2
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0 1 2 3 4 5 6
Time/10° h

Fig. 2 Residual of natural log of resistance plot

from bilinear process method
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Fig. 3 Residual of natural log of resistance plot

from random-effect model

ance y(x) will be smaller than y,; ().

From Fig. 4, it can be seen that most test
data is under the 10th percentile curve derived by
the bilinear process method, while much test da-

ta is above that from the random-effect model.

0. I j T T T v T v T
4 Cable degradation test data -
0.10 | —o— 10th precentile curve of the //‘ ]
bilinear process method e s
0.05 | —=— 10th precentile curve of /Q/ i
o~ the random-effect P
% ol model i
-0.05 1
-0.10F A4 1
_UUS 1 I 1 1 1
0 1 2 3 4 5 6
Time/10° h
Fig. 4 10th percentile curve for heating

cable degradation

3 Conclusions

Modeling and analyzing performance degra-
dation data has shown clear and significant sense

for complex systems and highly reliable
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products. The reason is that enough failure life
data through a relatively short period of time a-
vailable to conduct the internal life test is hardly
to get. Therefore the traditional reliability theo-
ry, for which ample failure life data is essential
to ensure the precision, usually encounters nu-
merous challenges.

Two commonly used performance degrada-

tion modeling approaches, bilinear process

method and random-effect model, were studied

in the current paper. Theoretical analysis and

empirical results suggested the reasonability and
effectiveness of the bilinear process approach,
and showed a promise for future applications in

degradation analysis.

References:

[ 1] Nair V N. Discussion of estimation of reliability in field
performance studies[J]. Technometrics, 1988,30(4);379-
383.

[ 2] Chao M T. Degradation analysis and related topics: some
thoughts and a review[ ]J]. The Proceedings of the National
Science Council,1999,23(5):555-566.

[ 3] Meeker W Q,Doganaksoy N, Gerald J. Using degradation
data for product reliability analysis[J]. Quality Progress,
2001,34(6) :60-65.

[47] Meeker W Q,Eascobar L. A,Lu C J. Accelerated degrada-
tion tests: modeling and analysis[]J]. Technometrics, 1998,
40(2) :89-99.

[5] Peng CY,Tseng S T. Mis-specification analysis of linear
degradation models[]J]. IEEE Transactions on Reliability,
2009,58(3) :444-455.

[6] Lul C,Park J, Yang Q. Statistical inference of a time-to-
failure distribution derived from linear degradation data
[J]. Technometrics,1997,39(4) : 391-400.

[7] LuC J, Meeker W Q. Using degradation measures to

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

estimate a time-to-failure distribution[]J]. Technimetrics,
1993,35(2):161-174.

Whitmore G A. Estimation degradation by a Wiener diffu-
sion process subject to measurement error [ ]]. Lifetime
Data Analysis, 1995,1(3):307-319.

Ye Z S, Tsui K L., Wang Y,et al. Degradation data analysis
using Wiener process with measurement errors[ ] ]. IEEE
Transactions on Reliability,2013,62(4):772-780.

Joseph V R, Yu I T. Reliability improvement experiments
with degradation data[J]. IEEE Transactions on Reliabili-
ty,2006,55(1):149-157.

Wang X. Wiener processes with random effects for degra-
dation dat[]J]. Journal of Multivariate Analysis,2010,101
(2):340-351.

Lawless J,Crowder M. Covariates and random effects in a
Gamma process model with application to degradation and
failure[ J]. Lifetime Data Analysis,2004,10(3):213-227,
Wang X. A pseudo-likelihood estimation method for no
homogeneous Gamma process model with random effects
[J7. Statistica Sinica 2008,18(3):1153-1163.

Yang K,Xue ] N. Continuous state reliability analysis[ R].
Las Vegas: Annual Reliability and Maintainability Sympo-
sium,1996.

Zuo M J.Jiang R, Yam R C M. Approached for reliability
modeling of continuous-state devices[]J]. IEEE Transac-
tions on Reliability,1999,48(1):9-17.

Yang G B. Life cycle reliability engineering[ M ]. Hoboken,
New Jersey:John Wiley and Sons Inc. .2007.

FU Huimin, WU Qiong. Analysis method for linear
process with independent increments[ J]. Journal of Aero-
space Power,2010,25(4):930-935. (in Chinese)

WANG Zhihua, FU Huimin, ZHANG Yongbo. Analyzing
degradation by an independent increment process [ J .
Quality and Reliability Engineering International,2014 .30
(8):1275-1283.

Whitmore G A, Schenkelberg F. Modelling accelerated
degradation data using Wiener diffusion with a time scale

transformation[ ] ]. Lifetime Data Analysis,1997,3(1) :27-45.

(h#E. TR A



